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Main Objectives

® Fuzzy orthopartitions <> Credal partitions

® They are generalizations of standard partitions;

® They are used to represent partitions in case of
partial knowledge on the membership class of the
elements.




Credal partitions

® let U= {u,...,u} be a universe;
e let C={G,...,C,} be astandard partition of U.

A credal partition is a collection
m={my,...,m} of basic belief assignments.

Thierry Denoeux and Marie-Hélene Masson. Evclus: evidential clustering
of proximity data. IEEE Transactions on Systems, Man, and Cybernetics,
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Normalized basic belief assignments

m1, ..., m; are normalized
A | m(A) | m(A) | ms(A)
0 0 0 0
G 0.3 0.4 0
G 0.4 0.5 0.4

(G, Gy | 03 0.1 0.6




Intuitionistic fuzzy sets

Fuzzy orthopartitions are collections of intuitionistic
fuzzy sets.

Definition:
An intuitionistic fuzzy set A of a universe U is defined as

A= (u,v)

where the maps p: U — [0,1] and v : U — [0, 1] satisfying
the following condition: for each u € U

p(u) +v(u) <1




Interpretation for fuzzy orthopartitions

We attach the following semantics to a fuzzy orthopartition.

® (u1,v1),...,(tn,vn) respectively correspond to
CG,...,Cpy

® Let (uj,v;) be an IFS on U,

pi(u) is the degree of belief that “u belongs to C”;
vi(u) is the degree of belief that “u does not belong
to ;”;

pli(u) = 1 —v;(u) is the degree of plausibility that “u
belongs to C;”.




Fuzzy orthopartitions

Definition:
O ={(p1,v1),--,(tn,vn)} is a fuzzy orthopartition of U
if and only if for each v € U:

® > ", ui(u) <1 (disjoint blocks),

@ 1i(u) + (plj(u) — pj(u)) <1, for each i # j (disjoint
blocks),

©® > ., pli(u) > 1 (covering condition),

O for each i € {1,...,n} with pli(u) — pi(u) > 0, there
exists j € {1,...,n} \ {i} such that pli(u) — pj(u) >0
(the uncertainty cannot regard only one block).




Fuzzy orthopartitions

Fuzzy orthopartitions are generalizations of

® standard orthopartitions

® Fuzzy probabilistic partitions




Classical orthopartitions

An orthopartition is a generalized partition
where blocks are orthopairs, namely pairs of disjoint sub-
sets of the initial universe.

Example:
G = ({a,b},{c}})and G = ({c},{a, b}) form an orthopar-
tition of {a, b, ¢, d}.

abe G, ce G, den.

O is understood as a partition where

® the membership class of some elements is known
with certainty,

® whereas the membership class of the remaining
elements is completely unknown.




Fuzzy orthopartitions and fuzzy probabilistic
partitions

A fuzzy orthopartition where all degrees of belief and plausi-
bility coincide, specifies a fuzzy probabilistic partition.

Fuzzy orthopartition with ;(u) = pli(v)

u | m(u) | wiu) | ph(u) | pa(u) | va(u) | ph(u)

up 0.2 0.8 0.2 0.8 0.2 0.8
Uy 0.5 0.5 0.5 0.5 0.5 0.5
u3 0.6 0.4 0.6 0.4 0.6 0.4
Fuzzy probabilistic partition
u ‘ G ‘ G
up | 0.21]0.8
upy | 05105

uz | 06|04




Credal partitions and Fuzzy probabilistic partitions

® (Credal partitions subsume the concept of fuzzy
probabilistic partitions.
® m={my,...,m} is a fuzzy probabilistic partition iff
my, ..., m; are Bayesian bbas (m;(A) = 0 for each
|Al > 1).
A ml(A) m2(A) m3(A)
0 0 0 0
G 0.1 0.2 0.4
G 0.8 0.5 0.4
G 0.1 0.3 0.2
{G, G} 0 0 0
{G, G5} 0 0 0
{G, G} 0 0 0
{Gi, G, G5} 0 0 0




A first correspondence

Fuzzy orthopartitions and credal partitions coincide when
both are fuzzy probabilistic partitions.

Al

Fuzzy orthopartition

| w | w | v

p1(u) = ph(u) | 0205
p2(u) = ph(u) | 0.8 | 0.5

Credal partition




An extended correspondence

We consider

® Co: the set of all fuzzy probabilistic partitions
compatible with O;

® C,,: the set of all fuzzy probabilistic partitions
compatible with m.

In a dynamic situation, where the knowledge about the mem-
bership class of the elements

® is partial and
¢ increases (for example over the time)

so that
fuzzy orthopartitions and credal partitions become fuzzy prob-
abilistic partitions.




Compatible fuzzy probabilistic partitions

r

A fuzzy probabilistic partition 7 is compatible with m iff

mi({Ci}) < mi(G) < 2o1a | ceay Mi(A):

~

Credal partition m = (my, mp, m3) of {uy, up, u3}

A ‘ ma (A) ‘ mQ(A) ‘ m3(A)
0 0 0 0
G 0.3 0.4 0
G 0.4 0.5 0.4
{G,GY ] 03 0.1 0.6

Fuzzy probabilistic partition 7 compatible with m

m(G) | m(G) | m(G) +m({G, G})
03] 04 | 0.6




Compatible fuzzy probabilistic partitions

A fuzzy probabilistic partition 7 is compatible with O iff

pi(u) < mi(G) < pli(yj).

7w = {m,m} is compatible with O = (u1,11), (12, 12)

pi(u) | m1(u) = u belongs to C; | ph(u)
0.2 0.4 0.5

pa(u) | mo(u) = u belongs to G | ph(u)
0.5 0.6 0.6




From fuzzy orthopartitions to credal partitions

O= fuzzy orthopartition — F(O) = class of credal partitions

m=(my,....,m) € F(0) <+ 1) m{G}) = pi(y);
2) Z{A | GeA} mj(A) = pli(uj).

Fuzzy orthopartition O = {(p1, 1), (2, 12), (us, v3), (4, va)}

pi(u) | vi(u) | po(u) | vo(u) | ps(u) | va(u) | pa(u) | va(u)
01 | 05 | 01 | 07 | 025 | 045 | 0.15 | 0.55

Basic Belief Assignment

0.1 if Ae {{Cl},{CQ},{Cl, G, C3},{C1, G, C4}},
02 ifA={C,GCs G},
m(A) =025 if A={Cs},
015 if A={G},
0 otherwise.

m({G}H)+m({C, G, G})+m({C1, G, Ga})+m({C1, G, G}) = 0.140.1+
0.1+0.2=0.5 = ph(u).




From fuzzy orthopartitions to credal partitions

Theorem
Let m € F(O) if and only if m has the same compatible
partitions of O, namely C,, = Co.

Theorem
Let O be a fuzzy orthopartition of U, then

infinite




From fuzzy orthopartitions to credal partitions

Let uj € U, a bba mj is determined by solving
pa(uj) + Z{A | {Ci}CA} xi = ph(y),

Si=9"
fin(uz) + Z{A | (CycA} XA = Ph(uj),
pa(yy) + oA () + 32 cax =1,

S; is a linear system with n+ 1 equations and 2" — n — 1 variables.

® cach variable corresponds to m;(A) where |A| > 2;

® the first n equations assure that the total of the masses of C;
is the plausibility of C;;

® the last equation allow m; to be a bba.




From fuzzy orthopartitions to credal partitions

* m=(my,...,m) € F(O);

® mq,...,m; are determined by solving S1,...,5;
® Si,...,5 can admit zero, one or infinite solutions.
Then,

® 7(0O) = 0 iff there exists u; such that S; is impossible.

® | F(O)| = < iff S1,...,5; are non-impossible and at
least one of them is indeterminate.

® |F(O)| =1iff 51,...,5 are determinate.




From a credal partition to an orthopartition

Let m = {my,..., m} be a credal partition. Then,
Om = {(p1,v1), ..., (tn,vn)} is an orthopartition,

where p; and pl; are defined by
* pj(ui) = mi(G);
* pli(ui) = 2qa | ceay Mi(A).

Theorem
Onm is a fuzzy orthopartition of U verifying Co,, = Cm.




o Different credal partitions can correspond to a same
fuzzy orthopartition.

® Therefore, we can define the following equivalence
relation

m ~ m’ if and only if O, = Opy.

Theorem
Let O be a fuzzy orthopartition of U and let m € F(O).
Then, O, = O.

O — F(O) = On,




Conclusions and Future directions

® Given m — there exists O, such that Cp,, = Co,,;
e When F(O) =0,
A a credal partition m such that Cp = Cp,.

We want to extended our results in the more general case
of no-normalized bbas. This will enable us to deal with the
presence of outliers in clustering applications.

There are two possible directions:
® relaxing the axioms of fuzzy orthopartitions;

® adding another intuitionistic fuzzy set (uo, 1p) to the
initial fuzzy orthopartition.




Thanks for the attention!



